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ABSTRACT 

The Lie algebra of a compact semisimple Lie group G is determined by the degrees of 
the irreducible representations of G. However, two different groups can have the same 
representation degrees. 

0. Introduction 

A compact semisimple Lie group G has a finite number of representations of 
any given degree. In this paper we investigate to what extent G is determined 
by the multi-set of degrees of its representations or equivalently, the multi-set 
of degrees of its irreducible representations. This problem arises naturally in at 
least two different ways. On the one hand, following Witten [7], we define the 
zeta-function Cg(s) of a compact semisimple Lie group as the Dirichlet series 



V irreducible 

The question in this paper then belongs to the familiar class of problems asking 
when two different mathematical objects can have the same zeta-function. On 
the other hand, the multi-set of degrees of the irreducible representations of 
G comprises a (small) part of the data encoded in the representation category 
Rep^G. We know [2] that the full structure of neutral Tannakian category on 
Repj-G enables us to recover the complexification Gc of G and therefore G itself 
(as a maximal compact subgroup of Gc)- For semisimple groups, though, there 
are results (see for instance, [5]) showing that Rep^G has more data than we 
need to determine G. In this paper we are asking whether the C-linear abelian 
category with fiber functor underlying Repj-G already determines G. 
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The main theorem of this paper is that Cg(s) determines the Lie algebra of 
G up to isomorphism. Our basic tool is the Weyl dimension formula, which 
expresses the dimension of each irreducible representation of a group G as a 
product over the set of positive roots of G. We try to recover the geometry of 
the root system of G from the factorizations of the representation degrees, the 
basic difficulty being that there are many ways to factor a given degree. Our 
strategy is to choose values of n which have few factorizations or at least few 
factorizations which could possibly arise from Weyl's formula. 

The simplest idea is to consider prime powers n = . It is an easy consequence 
of Weyl's formula that dim.Vpx^(^p_i>jp = pl-^^l dim Va, where V\ is the irreducible 
representation of G of highest weight A, is the set of positive roots of G, 
and p is the half-sum of the elements of . An elaboration of this argument, 
given in §1, shows that the prime power coefficients determine the number of 
irreducible factors of R and the number of roots in each factor. Unfortunately, 
there are infinitely many pairs of distinct irreducible root systems with the same 
number of roots, and prime power coefficients alone are in general insufficient to 
disambiguate further. For example, S0(15) and PSp(14) both have the property 
that the number of their irreducible representations of degree p'^ is 1 if A; e 49Z 
and otherwise (for p ^ 0, this follows from the discussion in §1, but a computer 
search is needed to confirm it for small primes.) 

We therefore broaden our search to encompass degrees n in which the largest 
power of some prime p dividing n is not too much smaller than n. To illustrate 
this idea, we consider the case that R is irreducible, and exclude weights A with 
A + p divisible by p (such weights are not "allowable at p" in the terminology 
of this paper). We compare the size of the logarithm of the largest power of p 
dividing dim V\ to that of dim V\ itself and prove that 



approaches a rational limit strictly between and 1 which depends on R. This 
limit is the efficiency of R (defined in §3 directly in terms of the geometry of 
R). A more efficient root system always has allowable representation degrees 
which cannot be achieved by an allowable weight of a less efficient system. Once 
the efficiency is known, we can begin studying the families of representations 
(indexed by p) whose degrees achieve it. It turns out the optimal ones, in a 
sense made explicit below, lie in finitely many one parameter families of the form 



(0.0.1) lim 



P^oo allowable lOg dim 




= lim sup 

p^oo x^O allowable 



logp ordp dim V\ 



log dim V\ 
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p i-^ pfi + f. For each such family, the degree is given as a polynomial in p, the 
"Weyl polynomial" associated to /j, and u. The Weyl polynomials of a simple 
root system encode enough information, ultimately, to extract the root system 
giving rise to them. 

The process of excluding non-allowable representations is carried out in §1 and 
is somewhat delicate; because our groups may not be products of almost simple 
factors, we must restrict attention to primes which are congruent to 1 modulo a 
sufficiently divisible integer. Weyl polynomials are introduced in §2 and the basic 
pairs (fi, v) used in the proof of the main theorem are given. The computation 
of efficiencies occupies much of §3 and is rather involved. There does not seem 
to be a simple formula for the answer: for instance, the efficiency of turns 
out to be j^. The proof of the main theorem, by means of a rather complicated 
induction on the number of factors, is given in §4. 

To show that our result is in some sense sharp, in §5 we give a construction 
of pairs of non-isomorphic compact semisimple Lie groups with the same Wit- 
ten zeta-function. This construction is modelled on a well known theorem of 
F. Gassmann [3] asserting that the Dedekind zeta-function Ck{s) of a number 
field K does not determine K up to isomorphism. The proof of Gassmann's 
theorem is purely group-theoretic. Namely, there exists a finite group G with 
subgroups Hi and H2, not conjugate in G, whose elements can be put into one- 
to-one correspondence in such a way that corresponding elements are conjugate 
in G. The fixed fields of Hi and H2 in a Galois extension with group G then 
have the same zeta-function. T. Sunada [6] used the same trick to construct 
pairs of non- isometric isospectral manifolds; here tti plays the role of the Galois 
group. Like Sunada, we exploit tti, but our fundamental groups are abelian, so 
there are no inner automorphisms to work with. Instead we make use of outer 
automorphisms. We construct subgroups Hi and H2 of a suitable 7ri(G), whose 
elements can be put into one-to-one correspondence in such a way that corre- 
sponding elements always lie in the same orbit of Aut(7ri(G)) but such that the 
groups Hi and H2 as a whole do not. The corresponding covering groups can 
then be shown to have the same representation degrees. 

This work was initiated during a visit to the Hebrew University in Jerusalem in 
the summer of 2002. I would like to thank the Einstein Institute of Mathematics 
for its hospitality during this visit. 
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1. Modifying the zeta- function 

Let G be a compact semisimple group, G its universal cover, and Gi, . . . , Gm 
the almost simple direct factors of G. Let and denote the weight lattices 
of G and G respectively, so 

[A^:AG] = |ker(G'^G')|. 

We write V\ for the irreducible representation of G with highest weight A; we 
can regard V\ as a G-representation if and only if A e Ag, and all irreducible 
representations of G arise in this way. We have a direct sum decomposition 



Ac5 = ©Ag„ 



i=l 

and we write A = Ai + . . . + Am- Thus A is a dominant weight of G if and only 
if \i is a dominant weight of Gi for all i. There is a tensor decomposition 

Let R (resp. Ri) denote the root system of G (resp. Gi). We fix a positive Weyl 
chamber of R ( equivalent ly, positive Weyl chambers for each Ri.) For each root 
a, we denote the dual root = -j^^, and wc write p (resp. pi) for the half-sum 
of positive roots in R (resp. Ri). The Weyl dimension formula [1] VIII §9 Th. 2 
asserts 

It follows that 

(1.0.1) dimVpx,+ip-i)p, =pl^^ldimVA,. 

Thus, 

diniy(pa,_i)p,+...+(pa^_i)p^ =pS«^l-f^i I. 
Note that when p is odd, (p"* — l)Pi hes in the root lattice of Gi, so 



i=l 
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Therefore, every coefficient of Cg(s) is greater than equal to the corresponding 
coefficient of 

m 

n(i-p-i<")-'. 

i=l 

We will see that for fixed G, when p ^ is a sufficiently large prime, the latter 
expression gives precisely the part of the Dirichlet series Cg{s) consisting of p- 
power terms. 

Lemma 1.1: An irreducible root system R cannot be contained in the union of 
two proper subspaces o/Spani?. 

Proof: Let E = Span R and V and W proper subspaces such that R CV Li W. 
We use induction on dim£', the lemma being trivial when dimE' = 1. Replacing 
V and W by Span (VflR) and Span (WOR) respectively, we may assume without 
loss of generality that V D R are W D R are root systems with span V and W 
respectively. liWcV, then R C V ^ E = Span R, which is absurd; likewise, V 
is not a subspace of W. IfWdV-^, then R = (RnV) U (RnV-^), contrary to 
the hypothesis of irreducibility. By the induction hypothesis, there exists a root 
ainW which is neither in V nor in V-^. Thus a-^ (IV is a proper subspace of 
V, and there exists a root P E V (1 R which is neither in W nor in a^. As a 
and P are neither scalar multiples of one another nor mutually orthogonal, either 
a + P or a — P belongs to R (depending on whether the inner product of a and 
P is positive or negative.) Either way, a + P ^VU W, and the lemma follows by 
induction. □ 

Lemma 1.2: //p > 0, then 

dim e ^ Ai + Pi e p^pi. 

Proof: One direction is trivial. By (1.0.1), it suffices to show dim Va. G p^ implies 
Aj = or Aj + Pi e P^Gi- If P does not divide Aj + p^, then 

^ = {a^ e R^i I a^(Ai + pi) e pZ} 

is a proper root subsystem of R^ . For p 3> 0, every root in ck^ E RD Spans' 
such that pa^ e S lies in S itself. (In fact, an examination of all equal- rank 
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subsystems of all irreducible root systems show that it suffices to take p > 5.) 
Therefore, S is closed. By Lemma 1.1, the complement of S spans R'^ , so there 
are finitely many elements /i e A^^ such that 

/5^(/^+Pi)< n ""^^p^^ 

for all e \S. If p > 0, then p f dimV^ for all /i in this set. Thus 
dimF^ e p^ implies = 0. □ 

Corollary 1.3: The zeta-function of G determines, for each integer n, the 
number of irreducible factors of the root system of G of cardinality n. 

This is not enough to determine the root system of G. For one thing, the root 
systems Bi and Cj each have roots. We also have coincidences with \Ri\ — 12 
{As and G2) \Ri\ = 72 {Bq/Cq, and Eq), \Ri\ = 240 (A15 and Es), and a sparse 
but infinite set of cases in which a root system of type A has the same number 
of roots of one of type B, C, or D. So we need to refine the method. We note, 
however, that fixing Cg{s) determines the rank of G. We may therefore define 
Ng to be the factorial of the number of roots in the root system of G. Thus Nq 
depends on the one hand only on the Lie algebra of G and on the other only on 
the zeta-function of G. It also has the property that NqAg is contained in the 
root lattice of G. We define 

m 

cs(«)=cg(«) n 11(1 -^'""'^'')- 

p=l (mod Ng) 

Note that for p = 1 (mod Nq), 

Ai + • • • + e Ag ^ Ai + • • • + Ai_i + (pA^ + {p- l)pi) + Xi+i + • • • + A^ e Aq. 

Definition 1.4: We say that a weight Xi is allowable at a prime p ifp \ Xi+pi. 

Definition 1.5: We say that a weight Ai + . . . + A^ e Aq is allowable if for 
every prime p = 1 (mod Nq) and every positive integer i < m, Xi is allowable 
at p. We write Aq for the set of allowable dominant weights of G. Thus, 

A€A^ 
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It is easier to work with Cg(*) than with Cg(s) because for A e Aq, the con- 
dition that dimVx is highly divisible by p = 1 (mod A^g) gives substantial infor- 
mation about the structure of the Lie algebra of G, whereas for non-allowable A, 
the same divisibility condition could hold for essentially trivial reasons. 

2. Weyl polynomials 

In this section we consider a fixed simply connected almost simple group G, i.e., 
G is connected and simply connected, and G/Z{G) is simple. We are interested 
in the dimensions of representations of G belonging to one-parameter families, 
specifically the families p pn + u. We let R denote the root system of G; by 
the weight lattice of R, we mean the weight lattice of G. 

Definition 2.1: Given an irreducible root system R and elements fi and u of 
the weight lattice of R, the Weyl polynomial P^^^{x) e Q,[x] is given by the 
formula 



When A = n/i + 1/18 dominant, 

(2.1.1) dimVx^P^,M 

We will always assume that the following two conditions hold: 

(2.1.2) a"^ (i^) > e R+ 



and 

(2.1.3) a'^(ii) = =^ a'^iu) > Va e R+. 

This implies that (2.1.1) holds for all n ^ 0. If p is a prime greater than the max- 
imum of |q!^(//)|, {u + p)\, and |q!^(p)| for any root a, then ordp (dim V^^_l_,^) is 
equal to {{ly + p)^ H R'^\, the multiplicity of as a root of P^j^{x). In particular, 
this multiplicity is l-R"*"! if and only if -|- p = 0, which corresponds to the case 
that for all p, pfi + v is not allowable at p. 
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Proposition 2.2: For every irreducible root system R, there exist weights ji and 
V satisfying (2.1.2) and (2.1.3) and such that {v -\- p)-^ r\ R is a proper closed root 
subsystem of R of maximal order. Moreover, we can choose p. and v such that 
/! + v lies in the root lattice. 

Proof: Let zui denote the zth fundamental weight in the Bourbaki ordering 
[1] Planches. By definition, a^{wi) = 6ij, so the Dynkin diagram of the root 
system Wi _L (IR is obtained from that of R by deleting the zth vertex. 

All claims made below about Weyl orbits of weights Wi for exceptional groups 
were checked with [4] . Note that [4] uses the Dynkin root ordering, which differs 
from the Bourbaki ordering for E^- 

For R — An, we may take 

= = ZU2 + tJ73 + • • • + ZUn- 

As V -\- p = w\ is the fundamental weight associated to vertex 1, [v + p)-^ DRis 
of type An-i. 

For R = Bn, we may take 

= —I' — W2 + W2, + • • • + Wn- 

Ks V -\- p = w\, [v -\- p)-*- n i? is of type Bn-\. 
For R = Cm'^Q may take 

p, = —V = Wi + W2 + • • • + tUn-2 + 2Wn-\. 

As p p = Wn — vJn-i lies in the Weyl orbit of tui, {y + p)-*- Pi i? is of type Cn-i- 
For R — we may take 

P = = Wi + W2 + • • • + Wn-Z + 2tI7„_2. 

As V -\- p = Wn + — hes in the Weyl orbit of wi, {v + p)-*- fl i? is of 

type -Dn-i- 

For R = Eq, we may take 

P = W2 + W3 + W5 + Wq, V = —W2 — 2tI73 — 2w^ — Wq. 

As v + p = wi — ws + W4 — W5 lies in the Weyl orbit of tui, {v + p)-^ (1 R is of 
type D5. 
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For R = Et, we may take 

/X = ZUi + + ■ZZ74 + tUg, = —ZUi — tU3 — 2^174 — 2zi7Q. 

As u + p = W2 — W4 + W5 — wq + wr lies in the Weyl orbit of wr, {i' + p)"*" n R 
is of type Eq. 

For R = Es, we may take 

= tUi + + €174 + tUe + tUs, I' = — tUi — tUs — 2tt74 — 2wq — 2ziJs. 

As i^ + p = 1172— ■Cc74 + cc75— 1176 + 1177 — ■ccJg lies in the Weyl orbit of ws, + p)^ HR 
is of type E7. 

For R = F4, we may take 

= ZUi + 1172, = — 1I7l — 2lI72. 

As v + p = —W2 + 1173 + 1174 lies in the Weyl orbit of 1174, (z^ + p)^ fl i? is of type 
For i? = G2, we may take 

p = W2-, V = -2W2. 

As u + p = zui — ZU2 lies in the Weyl orbit of zx72, {u + p)^ fl f? is of type Ai. 

Except in the exceptional cases, /U + z/ = 0, so the root lattice condition is 
trivial. It is likewise trivial for E^, F4, and G2- This leaves Eq and E^, where 
the claim can be checked by [4] . □ 

We recall that the height of a rational number m/n is max(|m|, |n|), where 
gcd(m, n) = 1. 

Lemma 2.3: If Ri and R2 are irreducible root systems and /li, Vi are roots of Ri 
fori = 1, 2, either P^^j^^{x) is a constant multiple of P^^i,^{x) or the height 

goes to 00 as p increases without bound. 

Proof: More generally, if f{x) is any non-constant rational function over Q, the 
height of f{n) goes to 00 as n ^ 00. Indeed, writing f{x) as |^|fy, where a 
and b are relatively prime integers and Q{x) and R{x) are monic polynomials 
with integer coefficients, the greatest common divisor of Q{n) and R{n) divides 
the (non-zero) resolvent of the two polynomials. Therefore, if either Q or is 
different from 1, the height of Q{n)/R{n) (and therefore the height of /(n)) goes 
to infinity. □ 
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3. Efficiency of root systems 

In this section we give a definition of efficiency purely in terms of root systems 
and compute tfie efficiency of each simple root system. It is not obvious that this 
coincides with the characterization (0.0.1) given in the introduction, though the 
equivalence can be deduced easily from Proposition 4.3 below. 

Definition 3.1: The efHciency eG{R) of an irreducible root system R is the 
I r' I 

supremum of ; where R' and R" are closed root subsystems of R such that 

R' n R" = 0. The level lev{R) is the smallest value of \R''^\ for which |^|^^|]^„| 
achieves eS{R). 

This definition is connected to the study of Weyl polynomials by the following 
proposition: 

Proposition 3.2: Let R be an irreducible root system with half-sum of roots p, 
and consider all pairs of weights p. and v of R satisfying (2.1.2), (2.1.3), and 
v + p ^ 0. The maximum of 

ord^^oP^^(a;) 



> 



is given by eff(i?^), and this maximum is achieved only when OTdx=oP^i,(x) 
lev(i?^). 

Note that R = i?^ except for the case Bn/Cn when n > 3, and even here, as 
we will see, efF(i?) = eff(i?^) and lev(i?) = lev(i?^), so in fact Proposition 3.2 
remains true when all the occurrences of R^ are replaced with R. 

Proof: Let {R'^)' = {u + p)^ n i?^, and (R^)" ^ p^ f] R"^ . As u + p ^ 0, 
(i?^)" is a proper subsystem of R^ . If p — 0, P^^(x) is a non-zero constant, 
so the maximum will not be achieved by such a choice. Therefore, (i?^)' and 
{R^y are proper closed root subsystems of R^ , disjoint by (2.1.3). A factor 
a"^ {p)x + a^(z/ + p) of P^^(x) has degree if a G (i?^)" and 1 otherwise. The 
order of this polynomial at is 1 if a £ {R^)' and otherwise. Taking the 
product over we see that 



orda:=oP^^(a;) 
degP^^(x) 



< eff (i?^) 



for all p and v satisfying the hypotheses of the proposition. All the remains to 
be shown is that a pair ((i?^)', (-R^)") achieving the bound eff(i?) can always 
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be found by taking a suitable choice of ji and v. We claim that the choices 
in Proposition 2.2 do the trick. This follows from the explicit computation of 
efficiencies of all irreducible root systems given by the following proposition. 

Proposition 3.3: The efficiencies of root systems of type A^, B^, C^, D^, Eq, 
Er, Es, F4, andG2 are if, |, f , and i respectively. In 

each case the efficiency is achieved only when R' is a proper closed root subsystem 

2 

of maximal order in R. Explicitly, the levels of these root systems are ^ 2^ > 
(n— 1)^, (n— 1)^, (n— l)(n— 2), 20, 36, 63, 9, andl respectively. Two inequivalent 
irreducible root systems with the same efficiency and the same level must be of 
the form and C„ for the same n > 3. 

Proof: Wc prove that in each case the efficiency is achieved when R' is the largest 
proper root subsystem and R" is as large as possible given R'ClR" = 0. It suffices 
to determine R'q and Rq satisfying these conditions and show that if R' is not 
of maximal order, then |^|;^|]^„| < j^j^^^- In particular, it suffices to prove 

I R' I + I R" I < I -Rg I + I Rq I . 

For every closed root subsystem S G R, there exist choices of basis for R and 
S such that every positive root of 5" is positive in R and every simple root of 5" is 
simple in R ([1] VI, §1, Prop. 24). Thus we can regard root subsystems as arising 
from subgraphs of the Dynkin diagram of R. This is convenient, among other 
things, for computing the largest subsystems of the different root systems (which 
are always obtained by removing a single vertex from the Dynkin diagram). 
Explicitly, the proper closed root systems of maximal order for B^, Cn, -Dn, 
Eq, Ef, Es, -F4, and G2 are A^-i, B^-i, C^-i, -Dn-i, -D5, Eq, E-j, B^/C^,, and 
Ai respectively. These give the values for lev(i?) stated in the proposition. 

It is also worth noting that if rank J?' is n — 1, and / is a no n- zero linear form 
vanishing on the hyperplane Span J2', then the Coxeter number h of every simple 
factor of R" disjoint from R' satisfies 

(3.3.1) h<l+ sup 

si,82eR\R' J {^2) 

Indeed, a choice of half-plane with boundary Span R' determines a basis on R". 
If ai, . . . ,at are the simple roots and a = '^Uiai the highest root of a simple 
factor of R" with Coxeter number h, then 

sup -F^^^sup> ni— — - > yni = h-l. 
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The value on the right hand side of (3.3.1) can be computed easily by restricting 
the adjoint representation of a group of type R to U{1) times a group of type R' 
and looking at the t/(l)-components of the resulting direct sum. 

With these general facts in hand, we now examine the cases. 

For An, we use ^-coordinates, in which the roots are the vectors of length -\/2 in 
ker S: Z"'+-^ — > Z, S denoting the sum of coordinates. Let Rq = ej^ (lAn = An-i 
and Rq = {±(^1 — £2)}- We define an equivalence relation on {1, . . . , n + 1} by 
setting z ~ j if and only if Si—Sj e i?'U{0}. The equivalence classes Ii, . . . , Ic have 
cardinality ai, . . . , Oc where ^ = n + 1 and R' = riafc>i ^a/c-i- Given k ^ I, 
the set {si — Ej e R" \ i E Ik,j e Ii} has at most min(aj, aj) < {ai — l){aj — 1) + 1 
elements since R' and R" are disjoint. Thus 

\R'\ + \R"\ <^al - ttk + ^(ofea/ - a/- - a/ + 2) 

k k^l 

= {n + if - (n + 1) - 2(c - l)(n + 1) + 2c(c - 1) 
= {n + 2- cf + 0^ - {n + 2). 

Thus \R'\ + \R"\ <n'^-n + 2 unless c < 2 or c > n. For c < 2, \R"\ < 2, and for 
c>n, \R'\ < 2, so either way \R'\ + \R"\ is bounded above by \R'q\ + I-RqI- 

For Bn (resp. Cn) we use the £-coordinate system, in which the short (resp. 
long) vectors are Ei (resp. 2Ei). Let R'q = e^flS^ = B^-i (resp. e^flC^ = C^-i) 
and Rq = {±£1} (resp. {±2£i}). Let /' be the set of z G {1, . . . such that 
Ei (resp. 2Ei) lies in R' and /" the corresponding set for R" . As R' and R" 
are disjoint, /' fl /" = 0, and we let / denote the complement of /' U By 
disjointness, ±Ei ± Ej ^ R" for i, j G /' and ±Ei ± Ej ^ R' for z, j G the 
set {±Ei ^ Ej \ i E I,j E /'}, which is disjoint from R' , meets R" in at most 
2min(|/|, |/'|) elements, and likewise {±£i ± £j | z G I,j G /"}, which is disjoint 
from R" , meets R' in at most 2min(|/|, |/"|) elements. Finally, for each i,j G /, 
i ^ 3, the set {i^i ± Ej} meets R' in at most 2 vectors and R" in at most 2 
vectors. Combining these facts, we get 
(3.3.2) 

\R'\ + \R"\ < (2|/f + |/|2-|/|+2min(|/|,|r|)) 

+ (2|/'f + |/|2-|/| + 2min(|/|,|r|)) 
< (2|/f + _ |/| + |/| + |/"|) + (2|/"|2 + |/|2 _ |/| + |/| + |/'|) 

= 2|/|^ + 2(|/'| + ^)' + 2(|r| + J)^-^. 
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As |/| + |/'| + = n, for n > 4, this quantity is < \R'q\ + \R'^\ = - 4n + 4 
unless one of |/|, |/'|, and \I"\ is at least n — 1. If |/| = n — 1, then the first 
inequality of (3.3.2) reads 

\R'\ + \R"\ < -6n + 8 < -4n + 4= \R'q\ + \R'^\. 

If |/| = n, then \R'\ < ri^ — n and \R"\ <'n? — n, with equality only if the systems 
are of type An-i. If R' is of type An-i, the right hand side of (3.3.1) is 3 (resp. 
2), so assuming n > 4, R" cannot also be of type An-i. Thus, 



n(n — 1) n — 1 




\R'o 




2-0? — n{n — 1) n + 1 


\R\ 




R'ol 



Thus \R'\ + \R"\ is indeed maximized when R' is Bn-i (resp. Cn-i)- The same 
is true for n = 2 and n = 3 by a simple case analysis. 

For Dn, we again use the e-coordinate system, in which the roots are the length 
V2 vectors in Z". Let R'^ = n = D^-i and R'(^ = {±£i ± £2} = D2. The 
subsystem R' defines an equivalence relation ~ on {1, 2, . . . , n}, where z ~ j if 
i = j or {±ej ± £j} C R' . As R' is a closed root subsystem, there can be at most 
one ~ equivalence class with 2 or more elements; indeed, 

{±ej ±£fc} C Span{±ej ±ej,±£fc ±e«}- 

Let /' denote this class (or the empty set) and /" the corresponding set for R" . 
As i?'ni?" = 0, |/'n/"| < 1. Let / denote the complement of J'U/". Reasoning 
as in the case Bn/Cn, ±£i ± Sj ^ R" for i,j e /' and ±£i ± Sj ^ R' for i,j e /"; 
the set {±£i ± £j I z G /, J G /'}, which is disjoint from i?', meets R" in at most 
2min(|/|, |/'|) elements, and likewise {±£^ ± £ ^ | i G /,j G /"}, which is disjoint 
from R" , meets R' in at most 2min(|/|, |/"|) elements. Again for each i,j G /, 
i ^ ji the set {±£j ± Sj} meets R' in at most 2 vectors and R" in at most 2 
vectors, so 

\R'\ + < (2|/f - 2|r| + - |/| + 2min(|/|, |r|)) 

+ (2|/'f - 2|r| + - |/| + 2min(|/|, |/'|)) 
< 2|/|2 + 2|/'|2 - |/'| + 2|/"p - |/"| 

= 2|7|^ + 2(|/'|-^)' + 2(|r|-J)^-^. 
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Moreover, |/'|, < n-1, |/| + |/'| < n, |/| + |/"| < n, and |/| + |/'| + |/"| < n+1. 
If 

\B!\ + \R"\ > |i?o| + |i?o I = 2n^ - 6n + 8, 

either |/|, |/'|, or is at least n — 1. Now |/| > n — 1 implies /' = /" = 0, 
so either R' = A^-i or \R'\ < [n — l)(n — 2), and likewise for R" . If \R'\ < 
(n - l)(n - 2) and \R"\ < {n - l)(n - 2), then ^^^^ < ^ < p^^- If 
R' = An-i, the upper bound (3.3.1) is 2, so R" is of the form A\ (and vice 
versa). If R' or i?" has r mutually orthogonal roots, since they are closed root 
subsystems, the Dynkin diagram of Dn must have r vertices, no two of which 
share an edge, sor<n/2+l, and 

\R'\ + \R"\ <n(n-l)+n + 2<2n^-6n + 8= \Ro\ + \Ro\, 

as long as n > 5. For n = 4, we check by hand that there do not exist 3 mutually 
orthogonal roots in D4 \ A3, so {Ds, D2) is still optimal. 

For i?8, \R\ = 240. The largest closed subsystem, Ej, has 126 roots, and it 
can be realized as the set of roots orthogonal to a given root ct; D-j is next with 
84. As ^2o^6 ^ 240-84 ' suffices to prove that the largest closed root subsystem 
of £^8 disjoint from E'j = a-^ H Eg has order 6. The orthogonal projection of 
any root onto Mo; is in {—a, —-^a, 0, ^a, a}, so the right hand side of (3.3.1) is 3. 
Thus all factors of R" are of type Ai or A2. Moreover, a factor of type A2 must 
contain a itself (which is the only root whose projection onto M.a equals a), so if 
R" contains any factor of the form A2, then R" = A2. Otherwise, R" = A^. We 
look for the largest value such that can be embedded as a closed subsystem 
in Es with no root orthogonal to a. Equivalently, we fix an embedding of A'1 in 
and ask whether any root of Eg fails to be orthogonal to every root of ^4". 
Equivalently, we ask whether the restriction of the adjoint representation of Eg 
to Ai has an irreducible summand which is non- trivial on each factor Ai. 

To construct mutually orthogonal roots in Es, we start with a root /3i, choose 
/32 e /^i^ n ^8 = Er, choose /^s e fi £7 = I^e , choose /34 e /Qg^ fi L'e = ^1 x D4, 
and so on. All choices are equivalent until /S^, which can be chosen in A^ or in 
D4. In the first case, Af C (1 E^ — so the system is not closed. We use 
branching rules [4], starting with the adjoint representation of Eg, restricting to 
Ai X El, taking only representations of £7 which appear opposite a non-trivial 
factor in Ai, and so on. We get the (56-dimensional) representation V^^ of £7, 
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and then the (12-dimensional) representation V^^ of Dq, then a representation 
of Ai X D4 which is 2-dimensional and therefore trivial on the D4 factor. We 
conclude that can be realized (and it is indeed a closed subsystem of Eg 
since no simply laced rank 3 system contains Af as a proper subsystem) , but Af 
cannot. 

For E-Y, \R\ = 126. The largest subsystem, £^65 has 72 roots; Dq comes next, 
with 60, and then Aq, with 42. As ^Jq_q > 125-42 ' need only consider the 
cases R' = Eq and R' = Dq. Writing Eq as the orthogonal complement of 
the fundamental weight zur the right hand side of (3.3.1) is 2, so we need only 
consider R" = A{. We proceed as before, with Pi e Er, P2 e Pi H E7 = Dq, 
and /?3 E P2 r\ Dq = Ai x D4. Applying the branching rules for V^^, which we 
have already described, we see that if we choose Ps to be in the factor Ai, the 
restriction of 1^77 to Af has a summand non-trivial on every factor, so we can 
take R" = . Any fourth root P4 mutually orthogonal to the first three must 
lie in the D4 factor, and we know from the Eg analysis that tuy cannot be non- 
orthogonal to Pi, P2, and such a P4. When R' = Dq = a-^ (lE^, the argument for 
Eg, shows that either R" = A2 or R" = A^ where n < 7 for dimension reasons. 
126-6 ^ 126-14 ' ^® ^^^^ (-^6)^1) is optimal. 

For Eq, \R\ = 72. The largest subsystem, D5, has 40 roots, the next largest, 
^5, has 30, and the third largest, D4, has 24. As > 7^^, we need only 

consider D^ = Wi fl Eq and ^5 = fl E'e, where a is a root. For R' = D^, the 
right hand side of (3.3.1) is 2, so R" = A^. Choose pi e Eq, P2 e Pi nEQ = A5, 
and Ps E P2 r\A5 = A^. In the restriction of V^^ to Ai x A5, the only summand 
non-trivial on Ai is 6-dimensional on A^; its restriction to Ai x A^ is the a direct 
sum of a representation trivial on Ai and a representation trivial on ^3. It follows 
that the restriction of V^^ to A\ has a summand non-trivial on both factors but 
the restriction to A\ has no such summand. For i?' = ^5, the right hand side of 
(3.3.1) is 3, so as in the Eg case, R" = A2 or R" = A^, and of course n < 5. As 
#4 > 72^' (^'' R") = (^5, Al) is optimal. 

For F4, \R\ — 48, and the largest proper closed root subsystems are obtained 
by deleting an endpoint vertex from the Dynkin diagram. They are of type B3 
and C3, and are both of order 9; in each case, Spani?' = fl for a root 
a, short or long respectively. Either way, the bound on the Coxeter number of 
components of R" is 3, so we need only consider Ai, A2, Ai x Ai, and A2 x Ai 
as possibilities for R" . In each case, A2 can be realized; for example, if a = 1:04 
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with respect to the standard coordinates on F4, R" can be taken to have basis 
{2^174 — ti73, Tjjo, — vo^. In each case, a or —a is the highest vector of the so 
A2 X Ai cannot be disjoint from Spani?' (since ±0; belong to both). Finally, if 
R' is not of type S3 or C3, it has at most 8 roots, and 8 + 8 < 18 + 6. 

The case G2 is trivial since any proper root subsystem has rank 1 and therefore 
order 2. 

n 

Definition 3.4: We say an irreducible root system S is greater than or equal 
to an irreducible root system T (and write S >T) if and only if eS{S) > eff(T) 
or eS(S) = efr(T) and \ev(S) < lev(T). If S > T but T ^ S, we say S is 
strictly greater than T. 

An immediate consequence of Proposition 3.3 is that S >T and T > S implies 
S = ToT S = T^. 

4. The main theorem 

Lemma 4.1: Let R be an irreducible root system spanning a Euclidean space E 
and Q a quadratic form on E such that Q{a) — for all a G R. Then Q = 0. 

Proof: Let B{x, y) = Q{x + y) — Q{x) — Q{y) denote the associated bilinear form. 
If a and /? are roots of R making an obtuse angle, then a + P is again a root, so 
B{a, P) = 0. Likewise, if a and /? make an acute angle, a — is a root, so again 
B{a,P) = 0. The roots in R\a-^ span E by Lemma 1.1. Therefore, B{a, E) = 0. 
As every a E R lies in the null space of B, is follows that B and therefore Q 
must be 0. □ 

Proposition 4.2: If Ri and R2 are irreducible root systems with Ri > R2, then 
there exist weights /ii and vi and an integer N such that: 

1) 111 andvi satisfy (2.1.2) and (2.1.3); 

2) i^i+piy^ 0; 

3) Hi + 1^1 lies in the root lattice of Ri; 

4) "^"ff-V^r^ =eff(i^i); 

5) If /X2 and 1^2 are weights of R2 and c is a positive constant such that 

(4.2.1) p;^i^^{x)^cp;^-^^{x), 
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then 

a) eff(i?i) = eff(i?2) and lev(i?i) = lev(i?2). 

b) c> 1, with equality only if Ri = i?2/ 

c) If p > N and ordpC > 0, then p divides V2 + p2, i-e., 1^2 is not alowable at p. 

Proof- 
First we observe that condition (4) implies that Pf^-^^y^ {x) is not a monomial in 
X, so that (4.2.1) implies the same for Pj^^^u^i^)- '^^^^ implies that 1^2 + P2 ^ 0, 
so 

orda;=o-P,!!^^.(x) 
degP^,%{x) - 

The hypothesis eff(i?i) > eff(i?2) then implies eff(i?i) = eff(i?2)- Proposition 
3.2 and equation (4.2.1) then imply 

lev(i?2) < ord,=oP£%,(a:) = orda:=oP^^],,{x) = lev(i?i), 

so lev(i?2) = lev(i?i). 

For (b), we choose pi and ui as in Proposition 2.2. We note that for any 
integer n, whether or not A2 = n//2 + is dominant, Pj^'^^^^^'n) '^^ either zero or 
±1 times the dimension of an irreducible representation of a Lie group of type 
i?2- Indeed, suppose {\2 + P2) 7^ for all a. Then defining w in the Weyl 
group of i?2 as the unique element such that w{\2 + P2) is dominant, and setting 
A2 = w{\2 + P2) — P2i the weight A2 is dominant. Thus, 

r2 _ / -,N|K+|n«ei?«''(A^+P2) 



dimF;f, = (-1)1^2 



For Ri of type A^, C^, or D^, we have P^l^^{l) = 1, so P^^^^^ (1) = c implies 
c e Z and therefore c > 1. The same is true for G2, since P^i^^(2) = 1. For F4, 

gcd(P^«/,,^(2),P^«;,,^(3)) = gcd(52, 340119) = 1, 

so again c must be an integer. For Eq, we have 

gcd(P^«^^,,^ (2),P^'',V, (3),P^t,.i (4)) =gcd(1728, 3171108447, 71292900343808) = 1, 
so again c e Z. For £'7, we have 

gcd(P^/,^,(2),P^^^^^(3)) = gcd(573440, 33940969546604175) = 5, 
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so 5c e Z. Thus, \P^l^^{2)\ is a positive integer multiple of = 114688. 

However, the lowest degree of any irreducible representation of a Lie group of 
type which is divisible by 114688 is 573440 itself. For Eg, 

gcd(P^/^^j(2), P^,^^,(3)) = gcd(4096000, 2665014302693985712862760000) 

= 8000, 

and the smallest dimension of any irreducible representation of a Lie group of 
type Es which is divisible by 512 = is 4096000. 

To finish proving (b), it suffices to show that if Ri is or C^j, n > 3, i?2 = RXi 
Hi and ui are defined as in Proposition 2.2, and H2 and z/2 are any weights of R2, 
then P^^]iy-^ 7^ ±P^^j^^. If H and u are weights of such that ordx=QP/^^'i){x) 
achieves the maximum {n — 1)^, then u + p must be a scalar multiple dei of an s- 
basis vector, and writing p = (ai, . . . , a„), either = ±aj for some j 7^ i or some 
ttj = 0. We can always replace u by any linked weight w{u + p)—p with the effect 
of changing P^j) by a factor of ±1, so without loss of generality we may assume p 
is dominant, which means we may assume either ai > a2 > ■ ■ ■ > cin-i > fln = 
(and i — n) or, renumbering, ai > ■ ■ ■ > ai — ai > ■ ■ ■ > an-i > 0. In the first 
case, 

(4.2 2) a;-("-^)V^"(x) = ^^"-^("1' • • • ' "^-O " + ^) 



where 



and 



An = n ^^^p^r.) = n "''(/^c.j 

n—1 n—2 n—1 

F{ai, . . . , an-i) = Y[a^Y[ H {(^1 - 

i=l 1=1 j=i+l 

In the second case, x~^'^~^^^ P^'^(x) is 
(4.2.3) 

d2"F(ai, . . . , an_i)(aia; + d){2aiX + d) Y{j^i{{ai + 0^)0; + d){{aj - ai)x + d) 



A 



n 

2 



If A is the number of positive roots of x~^'^~^'> B is the number of 

negative roots, then (4.2.2) applies if and only if ^ = S, and otherwise (4.2.3) 
applies with i = sup(A, E) — (n — 1). In either case, the roots determine the 
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vector (ai, . . . , a„_i, d) up to scalar multiplication by a positive rational number 

2 

and therefore the polynomial itself up to multiplication by an element of (Q*)" . 

The case analysis for P^^{x) is exactly the same, and the formulas (4.2.2) and 
(4.2.3) the same except without the factor of 2". As 2" ^ (Q*)""', P^l^^ i- -P^^^- 

Given two pairs {p.\.,v\) and {pbiiV-i) of weights of an irreducible root system 
i?, z = 1, 2, we have maps /j: — > defined by 

jiia) = {a'^{iJ,i),a'^{ui)). 

Suppose that P^^^^^{x) = cP^^^^^{x) ^ 0. Then (0,0) ^ and for some 

permutation a: R'^ i?"*", f^ict) is a scalar multiple of /i(a) for all a. As there 
are only finitely many possibilities for cr, by making large enough we may 
assume without loss of generality that a is the identity. Thus, 

Q;^(/ii)a^(i^2 + P2) - Q;^(At2)a^(i^i + Pi) = 

for all CK^ e i?^. Regarding the above expression as a quadratic form on i?^, 
by Lemma 4.1, it is trivial, so {fj,2, ^2 + P2) = C{fii, I'l + pi) for some non-zero 
rational number C. Therefore c = C''^^', and claim (c) follows. □ 

Proposition 4.3: Let Z e N, e G Q, and G a simply connected almost simple 
Lie group such that for every almost simple factor Gi of G with root system Ri, 
either eff(i?i) < e or eff(i2j) = e and lev(i2j) > I. Let A{G) denote the set of 
pairs {p, X), where p is a prime and X is a dominant weight of G allowable at p. 
Then 

(4.3.1) inf elogdimV^ — (log p) or dp dim Va > —00. 

{p,\)€A{G) 

Moreover, for every C G there exists a finite set 

LG,e,l,C = {(/i, i^)\ fi^i^e Ag} 
such that for all {p, X) G A{G) such that ordpdimVx ^ I O'f^d 

(4.3.2) elogdim^A — (logp)ordpdimVA < C, 

there exists (/i, v) G LG,e,i,c such that X = pn + u and either n = 0, or n is a non- 
zero weight of an almost simple factor Gi of G with eS{Ri) = e and lev(i?t) = I. 
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Proof: Suppose first that G is almost simple with root system R and Coxeter 
number h. We take advantage of the equalities \R\ = eff(i?) = eff(i?^), 

and lev(i?) = lev(i?^) to avoid burdening our notation unnecessarily with ^ 
superscripts. Define 

(4.3.3) Si = {a^^ eR"^ : p' {a^^ {X + p)} , R[ ^ R"^ n Span Si 
Thus, 

R"^ D R[d R'^D ■■■D R'k^ R'k+i = 0. 

An examination of the list of all equal-rank root subsystems of all irreducible 
root systems shows that a E R[ implies either 2a or 3a lies in the abelian group 
generated by Si. As A is allowable at R[ is a proper subsystem of i?^ except 
possibly when i = 1 and p < 3. Let i?" denote the closed root subsystem of R^ 
generated by the simple roots a^ such that 

(4.3.4) o<a^(A + p)<£. 

For any root in R'/, < {X + p) < ^, so neither 2q;^ nor 3q!^ lies in the 
abelian group generated by Si, which means R'^r] R'/ = $. We have 

k 

(4.3.5) OTdpdimVx<J2\iR^^\ 

i=l 

with equality if p > 5, and 

k 

(4.3.6) logdim^A > -|i2+|log3/i + logp^(|i?+| - \{Ri)'^\). 

1=1 

Except possibly when i = 1 and p < 3, 

(4.3.7) eS{R){\R+\-\{Rl)+\)>\{R'^+\, 
so 

k k 

(4.3.8) eff(i2)logp^(|i?+| - |(i?n+|) > -eff(i?)|i?+| log3 + logp^ |(i?0+|. 

1=1 i=l 

By (4.3.6), (4.3.8), and (4.3.5), 

e log dim Vx — log p ordp dim V\ > eff (i?) log dim Vx — logp or dp dim Vx 

> -eS{R)\R+\\og9h. 



20 



This gives (4.3.1). 
If e > efF(i?), then 



elogdiml/A - logp ordpdimyA > (e - eff(i?)) log dim Fa - eS{R)\R+\ \og9h 

imphes that the left hand side is > C for all but finitely many weights A, inde- 
pendent of p. We can therefore define LG,e,i,c to be the set of pairs (0, v)^ os, v 
ranges over all such A. If / < lev(f?), then for p > 5, (4.3.5) is an equality, and 
so |(-R-)+| < lev(i?) for 1 < i < /c. It follows that (4.3.7) is strict and that 

eff (i?) log dim V\ — log p ordp dim V\ 

> {eE{R)(\R+\ - |«)+|) - \{R[)+\]\ogp-eE{R)\R+\\og9h > C 

for p ^ 0. We therefore obtain an upper bound on p, which then gives an upper 
bound on dimVx and consequently a finite set of possible A, and we can set 
LG,e,i,c to be a set of pairs (0, A) as before. The only way in which dimVA could 
fail to be bounded by the condition (4.3.2) is if eff(i?) = e and lev{R) = I and 
moreover |(i?Q + | = lev (J?) for alH < A;. For p> 5, equality holds in (4.3.5), and 
this last condition implies k = 1. 

To prove that A can be written p^ + z/, where fi and u are drawn from finite 
sets independent of p, we may assume that we have fixed S — R'l and T — R'{. 
The Weyl formula gives 

logdim^A > (|-5+|)logp+ y log^^^^^-t^+ y loga^(A + p) 

Z — / p L — / 

+ (|i?+|-|5+|-|T+|)log|^- \oga\p) 



= (|i?+|-|T+|)logp+ y log^^^^^±^+ V loga^(A + p) 

aeS+ aeT+ 

-{\R+\-\S+\-\T+\)log3h- J2 log«^ 

aeR+ 

so there are only finitely many possible values for the integers p~^a^{X + p) for 
a e 5'+ and (A + p) for a e T+ which will bound 

1 A- no+i \r^+\\^ eff(i?)logdimVA -logpordpdimFA 
logdim^A - {\R^\ - |T+|)logp= -^^^ 
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above. For every e ZE^ n Spans' n SpanT, /?^(A + p) is both divisible by p 
and bounded absolutely. Fixing a basis of Span S fl Span T in the root lattice of 
Ey, we conclude that for p > 0, /3^(A + p) = for all e SpanS n SpanT. 
As S'^ and generate the root lattice, there exists a unique weight v such that 
CKV(iy + p) = for all eS and Q;^(zy + p) = q;^(A + p) for all e T. Letting 

= {X — i')/p, we see that Q!^(//) is an integer for all e SUT and therefore for 
all roots in i?^; it follows that p, is also a weight, and as p and v are determined 
independently of p by the values p~-^Q;^(A + p) for e 5+ and Q!^(A + p) for 
e T, there are only finitely many possibilities for {p, u). Thus the proposition 
is true when G is almost simple. Note that in every case where p ^ arises, 
ordpdimVx = I, the maximum allowable value. 

Now consider a general G = Gi x • • • x Let 

Bo = inf e log dim Vx — (logo) ordr, dim TA 

Then letting Aj denote the zth component of A, 

elogdimVx — (logp)ordpdiml/x = ^elogdimlA^. — (logp)ordp dimVxj 

i 

so B — Bi is a lower bound for (4.3.1). On the other hand, 

elogdimVx — (logp)ordp dim Va < C 

implies 

e log dim Vx^ - (logp)ordp dim Vx^ < C -^Bj,^ C - B + Bi 

so there exist sets LGi,e,i,c-B+Bi such that each A^ = ppi + Ui for some {pi, fi) e 
LGi,e,i,c-B+Bi- Letting 

LG,e,l,C = {(y^ /^ii y^^i) {fJ-ijJ^i) e LGi,e,l,C-B+BiY 

i i 

we obtain a finite set of pairs {p, u) of the desired kind. In particular, for each A 
satisfying the condition ordyV^ < ^, there can be at most one coordinate i with 
Pi because 

ordpdimFp^.+^. = I 
for each non-zero pi and each p ^ 0. 

n 
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Theorem 4.4: The zeta-function of a compact semisimple Lie group G deter- 
mines the Lie algebra of the group up to isomorphism. 

Proof: Let and G^ be compact semisimple Lie groups with Cc^i^) = Cg^{^) 
but with non-isomorphic Lie algebras. By Corollary 1.3, the number of factors of 
type Ai in G^ and G^ are the same. Let R\, ... be the irreducible factors of 
the root system of G^. If G^ and G^ have different Lie algebras, by a suitable 
renumbering, we may assume that for some k > 

rI>rI>---, rI>rI>---, rI = Ri yi < k, 

and there is no factor in Rl_^i, Rk+2^ ■ ■ ■ which equals R^^i or is strictly greater 
than it. In particular, R^ has at least k+1 irreducible factors (though R^ might 
have only k.) Moreover, -R^_|_i is not of type Ai. Under these conditions, we 
will find an integer n such that the nth coefficient of Cg^(^) positive and the 
nth coefficient of Cc'^is) is zero, which by Corollary 1.3 implies Cc^i-'^) Cg'^{^)- 
Without loss of generality we may assume that G^ is adjoint and G^ is simply 
connected, so both are products of almost simple factors: = Ylj 

In fact, we will prove the following stronger statement: under these conditions, 
if r is a fixed positive integer, then there exist primes pi 3> ■ ■ • 3> p/e, ah congruent 
to 1 (mod Nqi = Nq^) and an allowable weight of G^ such that 

(4.4.1) ordp, dimF^i = lev(i?,^), l<i<k + l 

and there is no allowable weight of G^ such that the following conditions hold: 

(4.4.2) ordp. dim = lev(i?,^), 1 < i < k + 1; 

(4.4.3) dim I dim Vai ; 

(4.4.4) dim Vx2 < dim Vai . 

Explicitly, we may take A-*^ = A]; + • — h A^^j^, where Xj = pi/j,] + u}, and /j,} and 
ul are defined by Proposition 2.2 as weights of the factor G] of G^. Note that the 
congruence condition on pi guarantees that each Xj lies in the root lattice of G] 
and therefore defines a representation of Gj. Note also that we take all primes 
Pi in the construction to be larger than the bound N in Proposition 4.2 (which 
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depends only on the root systems of and G^.) We also choose each pi large 
enough that for each j < k+1, pi > P i i (2); again, this condition depends only 
on G^. By choosing each pj to be congruent to 2 modulo a sufficiently high power 
of Pj+i • ■ -pkPk+i, we can guarantee that pi \ dimV^i for i > j, and therefore, we 
can guarantee (4.4.1). 

Suppose the claim does not hold for k = 0. If i?} = ^i, we are done. Otherwise, 
P I Ax) is not constant. As 

orda;=o^^^i(a;) 
degP;/^,(x) 

we have 

(4.4.5) eff (i?}) log dim V;,! < lev(i?}) logpi + C, 

for some constant C depending only on E}. By (4.4.3), 

eff(i?})logdiml/;,2 < lev(i?}) logpi + eff(i?i) logr + C. 

Applying Proposition 4.3 with e = eff(f?{), I = lev(i?{), G = G^, p = pi, and 
an allowable weight of G^ satisfying (4.4.2)-(4.4.4), we deduce that must 
be of the form pi/j, + ly, where n and v belong to finite sets independent of pi. 
As P ^ Ax) is not constant, dimV^i — > oo as pi ^ oo, so for pi 0, 7^ 0. 
Again by Proposition 4.3, // must be a weight of an almost simple factor G\ 
of G^, and R\ must have the same efficiency and level as R\. (By hypothesis, 
R\ and R\ cannot be equal, so at this point we must be in the Bn/C-n case, 
though we do not use this fact explicitly.) Writing G^ = G\ x H^, we can 
decompose A^ = Af + (A^ — Af), where the second summand is a weight of H^, 
and Xf = p\^Ji\ + J^i, where and lyf belong to finite sets independent of pi. 

dim V^i 

By (4.3.1) and (4.4.5), the fraction ^.^^ ^ is bounded above, and by (4.4.3), its 
denominator is bounded above by r, so the height of the fraction is bounded. By 
Lemma 2.3, therefore, dimV\2 is the value at pi of a Weyl polynomial which is 
a scalar multiple of P ^ i(x). By Proposition 4.2, dimy;^2 > dimVj^i, contrary 
to (4.4.4). 

The induction step is similar, but we must exercise some additional care. We 
write G^ = Gl X H^. We assume pi is large compared to the degree of the 
representation of dimy;^i_;^i. In other words, the upper bound on 

eS{Rl) log dim Vxi - lev(i?}) logpi 
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depends on P2iP3i • • • iPk+ii which we regard as constant, but not on pi, which 
we take as large as we need. Applying Proposition 4.3 and Lemma 2.3 as before, 
there exists a simple factor Gi of G^, weights fil and of Gf , and a rational 
number c > 1, such that the root system iif has the same efficiency and level as 

Moreover c — 1 implies R\ = R\. As A{ and \\ are allowable, Proposition 4.2 
guarantees that ordp.c = for all i. Writing G^ = G\ x H^, — is an 
allowable dominant weight of H^, and for i > 2, 

ordp. dim V3^2_;^2 = ordp. dimV^a — ordp. dimy;^2 
= ordp, dim - ordp,P^2'^2(pi) 

= ordp, dimF^i - ordp,P^/^i (pi) 
= ordp, dimV;^2_;^2 = lev(-R^). 

As dim 1/^2 _;)^2 divides ht(c)rdimV^i_;^i, and ht (c)r can be bounded independent 
of the choice of primes pi, we can apply the induction hypothesis to conclude that 

dimy)^2_;^2 > dimy;)^i_;)^i. 

Therefore 

dimyx2 = dimy;^2 dimy)^2_;^2 > dimy>^2 dimFs^i.;^! 

= <?>(f>i)dimVA^_Ai > <ii.i(Pi)dimV,._,. 
= dimVj^i dimV3^i_;,^i = dimV^i, 

contrary to (4.4.4). □ 

5. The Gassmann Phenomenon 

Let G = SU(2)"^ and Z = Z{G). Irreducible representations of G are indexed 
by ordered n-tuples of non- negative integers: A = (ai, . . . , a„). The representa- 
tion associated to A is 
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where Wj denotes the ith symmetric power of the natural representation of SU(2). 
The restriction of Vx to Z = is isotypic with character x\- In coordinates, 

XA(ai,...,aJ = (-ir^^+-+«"^". 

For any character x e Z*, we write 

X^ = {XeN^\xx = x}- 

Thus, consists of n-tuples of non-negative integers such that each coordinate 
has prescribed parity. 

Let Zi {i = 1, 2) denote any subgroup of Z, and let = G/Zi. Then, 

Now, 

n 

dimVx = Y[{ai + 1), 

so 

J2 (dim V,)-^ = (2-^C(^))^(C(^) - 2-%{s))^, 

where O (resp. E) is the number of coordinates which are constrained to be odd 
(resp. even) in X^^. Thus O + E = n and £^ — O is the trace of cr(x), where 
a: Z* = ¥^^ GLn(C) is defined by 

/(-l)^i ••• 
a{z-i^,...,zj = . . 

V ••• {-ly 

As long as 

\{z* e Z^ I a{z*) = c}\ = \{z*e Z^ I (7{z*) = c}\ 
for all c e Z, we have Cgi (s) = (g^{^)- 
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Lemma 5.1: There exists an integer n and two injective homomorphisms 

such that or(0i(F2)) and cr (02(^2)) are not conjugate in GL„(C) but for all c G Z, 
\{x e ¥l I tr((7(0i(a;))) = c}\ = \{x e | tr{a{(t>2{x))) = c}\. 

Proof: To guarantee non-conjugacy of images it suffices to arrange that the 
character of ao(/)i precomposed by any automorphism of F2 is distinct from the 
character of ao<p2- To achieve this, we fix an injective function 

/i:Fi^8Z 

such that 

/i(0)>5]|/(x)|. 

By Fourier inversion, fi is the character of an effective representation t/ji. Re- 
garding it as a homomorphism to the diagonal matrices in GL^(C), we deduce 
that there exists (pi such that tpi = ao(pi. Composing any non-hnear automor- 
phism of the pointed set (F2,0) with fi we obtain a new function /2, therefore 
a new representation •02, and therefore a new homomorphism 02 satisfying the 
conditions of the lemma. □ 

Setting Zi = 0j(F2)"'" and = G/Zi, the lemma implies Cgi(s) = Cc^i^)- 
Moreover, and G^ cannot be isomorphic; indeed an isomorphism l would give 
rise to an isomorphism 1 between universal covers, and therefore a diagram 

G =G^ &= G 

i i 
G^ ^ G\ 

An inner automorphism is trivial on Z, so this means an element of Out(G) = 
sends Zi to Z2, contrary to Lemma 5.1. We conclude: 

Theorem 5.2: There exist non-isomorphic compact semisimple Lie groups with 
the same Witten zeta- function. 
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